In order to design next-generation ferroelectrics, a microscopic understanding of their macroscopic properties is critical. One means to achieving an atomistic description of ferroelectric and dielectric phenomena is classical molecular dynamics simulations. Previously, we have shown that interatomic potentials based on the bond valence molecular dynamics (BVMD) method can be used to study structural phase transitions, ferroelectric domain nucleation, and domain wall migration in several perovskite oxides and fixed-composition binary and ternary alloys. Most modern devices, however, use variable-composition perovskite oxide alloys such as Ba x Sr 1−x TiO 3 (BST).
I. INTRODUCTION
Bond valence-based interatomic potentials have proven to be a powerful tool, enabling fast and large-scale molecular dynamics (MD) simulations of ferroelectric oxides. Interatomic potentials for several technologically important perovskite materials, such as BaTiO 3 , PbTiO 3 , PbZrO 3 and BiFeO 3 have been successfully developed. [1] [2] [3] [4] [5] [6] In addition, bond-valence MD (BVMD) potentials successfully describe PZT Pb(Zr 0.5 Ti 0.5 )O 3 and 25% PMN-PT Pb(Mg 0. 25 Ti 0.25 Nb 0.5 )O 3 , single-composition binary and ternary alloys. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] In these potentials, however, the parameters corresponding to a specific element are material-dependent, not just species-dependent. For example, the fitted Coulombic charges for oxygen are different in each material, which makes BVMD simulations for arbitrary x of A x A 1−x BO 3 or A B x B 1−x O 3 alloys impossible. Given this limitation, we aim to develop transferable interatomic potentials where the parameters corresponding to a particular element depend only on that element's intrinsic properties and, therefore, can be used for different materials and their heterostructures and alloys with diverse chemical compositions. In this paper, we report the successful development of a transferable interatomic potential for Ba x Sr 1−x TiO 3 (BST). BVMD simulations using this potential accurately reproduce the experimentally determined temperature-composition phase diagram of BST. Additionally, the atomistic nature of our interatomic potential enables analysis of local dipole distributions, which reveal that the substitution of Sr for Ba weakens the correlation between and promotes arbitrarilyoriented Ti displacements, suppresses the global polarization, and changes the character of the ferroelectric-paraelectric phase transition. This work not only presents proof of concept for the development of element-dependent, transferable BVMD interatomic potentials but also provides atomistic insights into the relationship between the thermodynamic properties of BST and its composition. represented by green, blue, and red spheres respectively.
Schematic representation of the angle potential.
II. COMPUTATIONAL METHODS

A. Bond valence-based interatomic potentials
In the bond valence model, the valence of a bond (V ij ) between atoms i and j is defined as the number of electron pairs used to form that bond and is expressed mathematically as
where r 0,ij is a reference distance between atoms i and j, r ij is the instantaneous distance, and C ij is an empirical parameter related to the force constant of the chemical bond.
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The valence of an atom i (V i ) is obtained by summing the bond valences of the bonds it forms with its neighbors j,
where N n is the number of neighbors. Due to the bond valence conservation principle, there is an energy penalty (E BV ) if the atomic valence deviates from its optimal value (V 0,i )
where N a is the number of atoms in the unit cell and S i is a scaling factor. Chemically speaking, E BV describes the energy increase associated with over-and under-coordination of atoms.
The bond valence vector is defined as V ij = V ijRij whereR ij is the unit vector pointing from atom i to atom j. The sum of the bond valence vectors of an atom i
is a measure of local symmetry breaking. Take, for example, the perovskite ABX 3 structure shown in Figure 1 . In Figure 1 (a), the B-site cation sits at the center of an octahedral cage of X anions. In this arrangement, the B-X bond valence vectors cancel, yielding W B = 0. If the B-site cation displaces off-center, as in Figure 1 (b), the bond valence vectors along the displacement direction no longer cancel, leading to a non-zero W B . Similar to Equation 3, a bond valence vector energy (E BVV ) can be written as
where D i is a scaling factor and | W 0,i | is the preferred bond valence vector length. This energy term is important for capturing the equilibrium off-center displacements of ions ( W 0,i = 0) in ferroelectric materials. Previously, we have shown that E BV and E BVV are equivalent to second-and fourth-moment bond order potentials, respectively. 16 This equivalence shows that Equations 3 and 5 have a quantum mechanical foundation. 4, 5, 15, 17, 18 In our scheme, the total energy of the system is given by of |e|, k is a scaling factor, and θ i is the octahedral tilting angle (see Figure 2 ) in degrees calculated as ∠klm.
Bond valence-based interatomic potentials enable efficient, large-scale MD simulations and have been used successfully in the past to study structural phase transitions, 6 PZT, 1,7 and PMN-PT. [8] [9] [10] [11] Based on these successes, we extend this approach to include the perovskite alloy family BST. We note that our previously developed interatomic potential for BTO accurately reproduces many physical properties such as lattice constants, permittivities, and the structural phase transition sequence.
Therefore, the parameters related to Ba, Ti, and O elements are kept fixed, and only those related to Sr (r 0,SrO , C SrO , S Sr , D Sr , and B SrX where X ∈ {Ba, Sr, Ti, O}) were optimized.
Additionally, in order to maintain charge neutrality, we set the charge of Sr equal to that of Ba.
B. Parameterization
The parameters of the interatomic potential were fit to reproduce density functional theory (DFT) 24, 25 calculations of BST using an optimization protocol described elsewhere.
Designed, 27 optimized, norm-conserving pseudopotentials 28 were used to replace the core electrons with a smoother, effective potential. The exchange-correlation contribution to the total energy was calculated using the PBEsol functional, which was designed specifically for bulk solids and provides excellent agreement with the experimental lattice parameters and spontaneous polarization of BTO. 29 The electronic wave functions were expanded in a plane-wave basis set with an energy cutoff of 60 Ry. Integrals over the Brillouin zone were evaluated using a Γ-centered, 4×4×4 k-point mesh. Our database consists of 612 structures extracted from variable-cell relaxations; every structure is a 2×2×2 supercell containing 40 atoms. The total energy, force, and pressure convergence criteria for these relaxations were 1.4×10 −5 eV/supercell, 2.7×10 −4 eV/Å, and 0.5 kbar, respectively. For self-consistent field calculations, the total energy convergence threshold was 1.4×10 −8 eV/supercell. The average absolute difference between the DFT and MD energies is 1.12×10 −3 eV/atom. The optimized parameters are listed in Table I .
C. Molecular dynamics simulations
MD simulations were performed using an in-house version of the Large-scale Atomic Molecular Massively Parallel Simulator (LAMMPS) 30 that was modified to calculate the bond valence and bond valence vector energies. We investigated five different concentrations of Sr in BST: 10%, 30%, 50%, 70%, and 90%. For each concentration, Ba was replaced with Sr randomly. Every structure is a 20×20×20 supercell containing 40,000 atoms. We find this to be more than sufficient (only 10×10×10 is necessary) to converge the structural phase transition sequence of Ba 0.9 Sr 0.1 TiO 3 (see Figure S1 in the Supplemental Material). Longrange Coulombic interactions were computed using the particle-particle particle-mesh solver with a desired absolute error in the forces of 1×10 −4 eV/Å. The cutoff distance for shortrange interactions was chosen to be 8Å. Neighbor lists, containing all atom pairs within 10Å, were updated every step. The time step for MD simulations was 1 fs. We studied temperatures ranging from 10 K to 170 K. For each temperature, the simulation consisted of three steps: (1) N V T equilibration, (2) N P T equilibration, and ( damping parameter of 5 ps. The third step samples the N P T -equilibrated structure for 40 ps, from which thermodynamic time averages can be computed.
III. RESULTS AND DISCUSSION
A. Thermodynamic properties of BST
We tested the performance of the interatomic potential for BST by calculating the lattice constants, components of the Ti displacements, and components of the polarization as a function of the temperature and concentration of Sr. Figure 3(a) shows how the lattice constants change as BST is heated from low to high temperature. For 10% Sr, the evolution of the lattice constants is very similar to that of BTO. It is well-known experimentally that BTO undergoes three structural phase transitions: (1) The phase transition temperatures, however, are underestimated, and this is likely due to the fact that DFT underestimates the energy differences between these four structural phases. This hypothesis is supported by the fact that other theoretical models based on DFT also give phase transition temperatures that are too low. [39] [40] [41] [42] As the concentration of Sr is increased, the rhombohedral-orthorhombic and tetragonal-cubic phase transition temperatures decrease, and the orthorhombic and tetragonal phases disappear at and above 70% Sr, both of which are seen experimentally. 36-38 Additionally, we find that the lattice constants of BST decrease with increasing Sr content because the ionic radius of Sr (1.44Å) is smaller than that of Ba (1.61Å).
In addition to the crystal lattice, the position of Ti relative to the center of its O 6 octahedral cage also depends on the temperature and composition of BST, as shown in ranked from the lowest to highest transition temperature. This ordering is the same as that of BTO and is consistent with experimental measurements of the Ti displacement. 37 The magnitude of the Ti displacement decreases as more Sr is introduced into the system because the shrinking of the lattice reduces the room for Ti to move off-center.
We also analyzed the effect of temperature and Sr concentration on the polarization of BST. The polarization plotted in Figure 3 (c) is calculated as
where t is time, N u is the number of unit cells, and P i is the polarization of unit cell i
where Ω is the volume of the unit cell, Z * are the Born effective charge tensors (taken from (2) the presence of a tricritical point (TCP) near 70% Sr. It has been shown that, at the TCP, the character of the ferroelectric-paraelectric phase transition goes from first-order to second-order. 36, 38 This can been seen in Figure 3 (c) where, between 50% Sr and 70% Sr, the transition from non-zero to zero polarization becomes less sharp.
C. Effects of Sr substitution on dipolar structure
The strong agreement between BVMD and experimental phase diagrams indicates that this BVMD interatomic potential for BST is accurate and can be used to explore the atom- A-sites for a particular Ti. We find that as n Sr increases from 0 to 4, the median |P i | (show as white points in Figure 6 Sr is more accessible to Ti and subsequently more effective at increasing its polarization when Sr and Ti are closer. Additionally, the multi-peak structure for n Sr ≥ 1 in Figure 6 (a)
can be rationalized by the fact that, for different Sr-Ti distances, the |P i | distribution is centered at different values. It can also be seen in Figure 5 (a) that Ti shifts to smaller displacements with a broader distribution at higher temperatures. The decrease in the mean displacement vs. temperature is consistent with the Landau-Ginzburg-Devonshire theory of first-order ferroelectric-paraelectric phase transitions. [44] [45] [46] The structural phase transitions of BST also contribute to this decrease by suppressing components of the displacement. On the other hand, the increase in the standard deviation of the Ti displacement magnitude is due to thermal randomization in the presence of disorder. Despite the mean decrease, the distribution remains centered at non-zero displacements even in the paraelectric phase.
This suggests that the ferroelectric-paraelectric phase transition of Ba-rich BST has orderdisorder character.
The individual phase transitions of Ba-rich BST can be seen more clearly in Figure 5 (b), which plots the distribution of the Ti displacement components against temperature. The x, y, and z components are shaded red, yellow, and blue, respectively. For temperatures below 100 K, the three distributions are superimposed, resulting in a single Gaussian (shaded purple). At 100 K, there is a rhombohedral to orthorhombic phase transition that zeroes the mean and flattens the distribution of the z component (shaded blue). The same thing happens to the remaining non-zero components at the higher-temperature phase transitions,
i.e. orthorhombic-tetragonal at 110 K and tetragonal-cubic (ferroelectric-paraelectric) at 130 K. This plateauing of the distribution is characteristic of simultaneously order-disorder and displacive phase transitions. 6 Therefore, the phase transitions of Ba-rich BST exhibit mixed order-disorder and displacive character, which is quite similar to pure BTO. In order to analyze the effect of n Sr on the orientation correlation of Ti dipoles, we return to the case of Ba-rich BST, as it allows us to quantify the effect of individual Sr 2+ cations.
Here, we define the orientational correlation of the Ti dipole as
whereP i is the local polarization direction, andn is the [111] direction. 
IV. CONCLUSIONS
In conclusion, we have developed a robust interatomic potential for BST based on the bond valence method. This potential enables accurate and efficient large-scale molecular dynamics simulations of ferroelectric alloy phenomena at the atomistic level. Here, we examine the temperature and composition dependence of the lattice parameters, Ti displacements, and polarization, and achieve excellent correspondence with experiment. Additionally, our
BST potential is transferable in the sense that the parameters for each element are taken from potentials for other materials that contain the same elements, namely BTO and STO.
Such transferability facilitates the construction of potentials for complex perovskite alloy families. Due to the atomistic nature of this potential, we are able to investigate the temperature dependence of the local dipole distributions for both Ba-rich and Sr-rich BST.
We discover that the ferroelectric-paraelectric phase transition character of BTO does not change significantly upon 10% Sr doping. However, in Sr-rich BST, the character of the phase transition is order-disorder at low temperatures, due to the Sr-induced weakening of dipole correlations, with displacive character emerging only at higher temperatures. Looking forward, alloy BVMD potentials not only enable the prediction of macroscopic (lattice constants, polarization, structure phase transitions, and their temperatures) and microscopic 
